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HILBERT-TYPE OPERATOR INDUCED BY RADIAL WEIGHT
JOSE´ A´NGEL PELA´EZ AND ELENA DE LA ROSA
Abstract. We consider the Hilbert-type operator defined by
Hωpfqpzq “
ż
1
0
fptq
ˆ
1
z
ż z
0
B
ω
t puq du
˙
ωptqdt,
where tBωζ uζPD are the reproducing kernels of the Bergman space A
2
ω induced by a radial
weight ω in the unit disc D. We prove that Hω is bounded from H
8 to the Bloch space
if and only if ω belongs to the class pD, which consists of radial weights ω satisfying the
doubling condition sup
0ďră1
ş
1
r
ωpsq dsş
1
1`r
2
ωpsq ds
ă 8. Further, we describe the weights ω P pD such
that Hω is bounded on the Hardy space H
1, and we show that for any ω P pD and p P p1,8q,
Hω : L
p
r0,1q Ñ H
p is bounded if and only if the Muckenhoupt type condition
sup
0ără1
ˆ
1`
ż r
0
1pωptqp dt
˙ 1
p
ˆż
1
r
ωptqp
1
dt
˙ 1
p1
ă 8,
holds. Moreover, we address the analogous question about the action of Hω on weighted
Bergman spaces Apν .
1. Introduction
Let HpDq denote the space of analytic functions in the unit disc D “ tz P C : |z| ă 1u. For
0 ă p ď 8, the Hardy space Hp consists of f P HpDq for which
}f}Hp “ sup
0ără1
Mppr, fq ă 8
where
Mppr, fq “
ˆ
1
2pi
ż
2pi
0
|fpreiθq|p dθ
˙ 1
p
, 0 ă p ă 8,
and
M8pr, fq “ max
0ďθď2pi
|fpreiθq|.
For a nonnegative function ω P L1r0,1q, the extension to D, defined by ωpzq “ ωp|z|q for all
z P D, is called a radial weight. For 0 ă p ă 8 and such an ω, the Lebesgue space Lpω consists
of complex-valued measurable functions f on D such that
}f}p
L
p
ω
“
ż
D
|fpzq|pωpzq dApzq ă 8,
where dApzq “ dx dy
pi
is the normalized area measure on D. The corresponding weighted
Bergman space is Apω “ L
p
ωXHpDq. As usual, we write A
p
α for the classical weighted Bergman
spaces induced by the standard weights ωpzq “ pα ` 1qp1 ´ |z|2qα, α ą ´1. Throughout this
paper we assume pωpzq “ ş1|z| ωpsq ds ą 0 for all z P D, for otherwise Apω “ HpDq.
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For any radial weight ω, the norm convergence in A2ω implies the uniform convergence on
compact subsets of D, so the point evaluations Lz are bounded linear functionals on A
2
ω.
Therefore there exist Bergman reproducing kernels Bωz P A
2
ω such that
Lzpfq “ fpzq “ xf,B
ω
z yA2ω “
ż
D
fpζqBωz pζqωpζqdApζq, f P A
2
ω.
Every radial weight ω induces a Hilbert-type operator Hω, defined by
Hωpfqpzq “
ż
1
0
fptq
ˆ
1
z
ż z
0
Bωt pζqdζ
˙
ωptqdt.
The choice ω “ 1, gives the integral representation
Hpfqpzq “
ż
1
0
fptq
1´ tz
dt
of the classical Hilbert operator [6], which plays a key role in works concerning the bounded-
ness, the operator norm and the spectrum of H [1, 6, 7, 8]. It is worth mentioning that these
papers link the research on H with different topics such as weighted composition operators,
the Szego¨ projection or Legendre functions of the first kind. We refer to [11, 12, 22] for other
generalizations of the classical Hilbert operator.
The primary purpose of this paper is to study the operatorHω acting on Hardy and weighted
Bergman spaces. Since Hω is an integral operator with kernel K
ω
t pzq “
1
z
şz
0
Bωt puq du, a
meaningful knowledge of Kωt would help to understand the behavior of Hω. However, this
goal seems quite difficult to achieve due to the lack of explicit expressions for the Bergman
reproducing kernel Bωz , in fact this is one of the main obstacles throughout this work. We will
use that Bωz pζq “
ř
enpzqenpζq for each orthonormal basis tenu of A
2
ω, and therefore we get
Bωz pζq “
8ÿ
n“0
pzζqn
2ω2n`1
, z, ζ P D, (1.1)
using the basis induced by the normalized monomials. Here ω2n`1 are the odd moments of ω,
and in general from now on we write ωx “
ş
1
0
rxωprq dr for all x ě 0.
As for Hardy spaces, the classical Hilbert operator H is not bounded on H8. This is a
general phenomenon rather than a particular case. Indeed, for any radial weight ω
Hωp1qpzq “
8ÿ
n“0
ωn
2ω2n`1pn` 1q
zn ě
1
2z
8ÿ
n“0
zn`1
n` 1
“
1
2z
log
ˆ
1
1´ z
˙
R H8.
However, the classical Hilbert operator is bounded from H8 to the Bloch space B, which
consists of the functions f P HpDq such that }f}B “ |fp0q| ` supzPDp1 ´ |z|
2q|f 1pzq| ă 8 [28].
Our first result describes the radial weights such that Hω : H
8 Ñ B is bounded.
To state it, some more notation is needed. A radial weight ω belongs to the class pD if the tail
integral pω satisfies the doubling property pωprq ď Cpωp1`r
2
q for some constant C “ Cpωq ě 1
and for all 0 ď r ă 1.
Theorem 1. Let ω be a radial weight. Then, the following statements are equivalent:
(i) Hω : H
8 Ñ B is bounded;
(ii) ω P pD.
The class pD also arises in other natural questions on operator theory on spaces of analytic
functions. For instance, it describes the radial weights ω such that the Littlewood-Paley
inequality
|fp0q|p `
ż
D
|f 1pzq|pp1´ |z|qpωpzq dApzq ď C}f}p
A
p
ω
, f P HpDq,
holds [25, Theorem 6], or the radial weights such that the orthogonal Bergman projection
Pωpfqpzq “
ż
D
fpζqBωz pζqωpζqdApζq,
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is bounded from L8 to B [25, Theorem 1].
Next, let us recall that the classical Hilbert operator is not bounded on H1 [6]. As for the
action of Hω on H
1, we have characterized the upper doubling weights ω such that Hω is
bounded on H1.
Theorem 2. Let ω P pD. Then, the following statements sare equivalent:
(i) Hω : H
1 Ñ H1 is bounded;
(ii) The measure µωpzq “ wpzq
´
1`
ş|z|
0
dspωpsq
¯
χr0,1qpzq dApzq is a 1-Carleson measure for
H1;
(iii) ω satisfies the condition
sup
aPr0,1q
1
1´ a
ż
1
a
wptq
ˆ
1`
ż t
0
dspωpsq
˙
dt ă 8. (1.2)
For a given Banach space (or a complete metric space) X of analytic functions on D, a
positive Borel measure µ on D is called a q-Carleson measure for X if the identity operator
Id : X Ñ L
qpµq is bounded. Carleson provided a geometric description of p-Carleson mesures
for Hardy spaces Hp, 0 ă p ă 8, en route of its celebrated Corona theorem [3, 4] or [9,
Chapter 9].
The condition (1.2) implies a restriction in the growth/decay of ω, for instance any standard
weight p1´ |z|2qα satisfies (1.2) if and only if α ą 0. There are two key steps in the proof of
Theorem 2. The first one consists in obtaining estimates for the integral meansM1pρ,K
ω
t q, see
Lemma 6 below. The second one will be used repeatedly throughout this paper, and describes
the growth of the kernel Kωs in the interval r0, 1q,
Kωs ptq — 1`
ż st
0
1pωpxqp1 ´ xqdx, 0 ď t, s ă 1.
Next, we consider the action of Hω on Hardy spaces H
p, 1 ă p ă 8. In order to state our
result concerning this question, define the Dirichlet-type space Dpp´1 of f P HpDq such that
}f}p
D
p
p´1
“ |fp0q|p ` }f 1}p
A
p
p´1
ă 8, and the Hardy-Littlewood space HLppq which consists of
the fpzq “
8ř
n“0
pfpnqzn P HpDq such that
‖f‖p
HLppq “
8ÿ
n“0
| pfpnq|ppn` 1qp´2 ă 8.
These spaces satisfy the well-known inclusions [9, 10, 16]
D
p
p´1 Ă H
p Ă HLppq, 0 ă p ď 2, (1.3)
and
HLppq Ă Hp Ă Dpp´1, 2 ď p ă 8, (1.4)
and are closely related to Hardy spaces. In fact, a univalent function f belongs to Hp if and
only if f P Dpp´1 [2], and
f P Hp ô f P HLppq ô f P Dpp´1, 1 ď p ă 8,
for any f P HpDq whose sequence of Taylor coefficients is positive and decreasing [19, Proof
of Theorem A].
For a radial weight ω and 0 ă p ă 8, let Lp
ω,r0,1q be the Lebesgue space of measurable
functions such that }f}p
L
p
ω,r0,1q
“
ş
1
0
|fptq|pωptq dt ă 8. If ω “ 1 we simply write Lpr0,1q instead
of Lpr0,1q,1. Our next result describes the weights ω P
pD such that Hω : Lpr0,1q Ñ X is bounded,
where X “ Hp, Dpp´1 or HLppq, and consequently bearing in mind the estimate [27, p. 127]ż s
0
Mp8pt, fq dt ď piM
p
p ps, fq, 0 ă p ă 8, f P HpDq, (1.5)
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we obtain a sharp sufficient condition so that Hω is bounded on H
p.
Theorem 3. Let ω P pD and 1 ă p ă 8. Then, the following statements are equivalent:
(i) Hω : L
p
r0,1q Ñ H
p is bounded;
(ii) Hω : L
p
r0,1q Ñ D
p
p´1 is bounded;
(iii) Hω : L
p
r0,1q Ñ HLppq is bounded;
(iv) ω satisfies the condition
sup
0ără1
ˆ
1`
ż r
0
1pωptqp dt
˙ 1
p
ˆż
1
r
ωptqp
1
dt
˙ 1
p1
ă 8. (1.6)
In particular if (1.6) holds, Hω : H
p Ñ Hp is bounded.
To prove the equivalences (i)ô(ii)ô(iii) in Theorem 3 we employ a decomposition norm
for the space Dpp´1 [17, Theorem 2.1] to show that
‖Hωpfq‖Hp — ‖Hωpfq‖Dpp´1 — ‖Hωpfq‖HLppq
for any non-negative f P L1
ω,r0,1q. The proof of the equivalence (i)ô(iv) in Theorem 3 is quite
similar to the proof of the next result, which deals with the action of Hω on weighted Bergman
spaces Apν .
Theorem 4. Let 1 ă p ă 8, ω P pD and ν a radial weight on D. Then, the following
statements are equivalent:
(i) Hω : L
ppν,r0,1q Ñ Apν is bounded;
(ii) ω and ν satisfy the condition
sup
0ără1
ˆ
1`
ż r
0
pνptqpωptqp dt
˙ 1
p
¨˝ż
1
r
˜
ωptqpνptq 1p
¸p1
dt‚˛
1
p1
ă 8. (1.7)
In particular if (1.7) holds, Hω : A
p
ν Ñ A
p
ν is bounded.
The last assertion in the statement of Theorem 4 follows from the equivalence between (i)
and (ii) and the inequalityż
1
0
|fptq|ppνptq dt ď pi ż 1
0
M8pt, fq
ppνptq dt ď pi
2
}f}p
A
p
ν
, f P HpDq, (1.8)
which can be obtained integrating (1.5).
It is worth mentioning that Theorem 4 generalizes and improves [22, Theorem 2], because
we do not need to assume any integrability condition on the weights similar to [22, (1.2)]
neither assuming that ν is a regular weight [22, (2.1)]. The proof of (ii)ñ(i) in Theorem 4
draws on the inequality
‖f‖p
A
p
ν
. |fp0q|ppνp0q ` ż 1
0
Mpq pt, f
1qp1´ tq
p
´
1´ 1
q
¯pνptqdt, f P HpDq, (1.9)
which is valid for any 1 ă q ă p ă 8 and any radial weight ν. Indeed, (1.9) allows both: to get
rid of the integral in the expression of Kωt and then use estimates for the Bergman reproducing
kernels previously obtained in [23, Theorem 1]. This approach leads to a couple of classical
Hardy inequalities, one of them follows from (1.7) and the other one holds whenever
sup
0ără1
p1´ rq
1
p pνprq 1p
¨˝ż r
0
˜
ωptqpνptq 1p
¸p1
1pωptqp1 dt‚˛
1
p1
ă 8,
which is a condition that can be deduced from (1.7).
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We also point out that the statements of Theorems 1-4 remain true if the Hilbert type
operator Hω is replaced by its sublinear version
ĂHωpfqpzq “ ż 1
0
|fptq|
ˆ
1
z
ż z
0
Bωt pζqdζ
˙
ωptqdt.
Finally, in Section 5, we highlight a connection between the actions of the Hilbert-type
operator Hω and the Bergman projection Pω on Lebesgue spaces. The rest of the paper is
organized as follows. In Section 2 we will deal with pointwise and norm estimates of the
kernels. Theorem 4 is proved in Section 3 and Section 4 is devoted to proving Theorems 1, 2
and 3.
The letter C “ Cp¨q will denote an absolute constant whose value depends on the parameters
indicated in the parenthesis, and may change from one occurrence to another. We will use
the notation a . b if there exists a constant C “ Cp¨q ą 0 such that a ď Cb, and a & b is
understood in an analogous manner. In particular, if a . b and a & b, then we write a — b
and say that a and b are comparable.
This notation has already been used above in the introduction.
2. Pointwise and norm estimates of kernels
Throughout the proofs we will repeatedly use several characterizations of weights in the
class pD. They are gathered in the following lemma, see [21, Lemma 2.1] for a proof.
Lemma A. Let ω be a radial weight on D. Then, the following statements are equivalent:
(i) ω P pD;
(ii) There exist C “ Cpωq ě 1 and β0 “ β0pωq ą 0 such that
pωprq ď C ˆ1´ r
1´ t
˙β pωptq, 0 ď r ď t ă 1;
for all β ě β0.
(iii) ż
1
0
sxωpsqds — pωˆ1´ 1
x
˙
, x P r1,8q;
(iv) There exists Cpωq ą 0 such that ωn ď Cω2n, for any n P N.
Write Kωζ pzq “
1
z
şz
0
Bωζ puq du andG
ω
ζ pzq “
d
dz
Kωζ pzq, z, ζ P D. It follows from (1.1) that
Gωζ pzq “ ζ¯
ř8
k“0
zk ζ¯k
2ω2k`3
k`1
k`2 , so a slight modification in the proof of [23, Theorem 1] gives the
next result.
Lemma B. Let ω P pD and 0 ă q ă 8. Then,
M qq pr,G
ω
ζ q — |ζ|
qM qq pr,B
ω
ζ q — |ζ|
q ` |ζ|q
ż r|ζ|
0
dxpωpxqqp1´ xqq , 0 ď r ă 1, ζ P D.
Lemma 5. Let ω P pD. Then,
Kωs ptq — 1`
ż st
0
1pωpxqp1 ´ xqdx, 0 ď t, s ă 1. (2.1)
Proof. By (1.1) Kωs ptq “
1
2ω1
` 1
t
şt
0
8ř
n“1
snxn
2ω2n`1
dx, so it is enough to estimate
şt
0
8ř
n“1
snxn
2ω2n`1
dx.
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Assume that st P r1{2, 1q and choose N˚ P N, N˚ ě 2, such that 1´ 1
N˚
ď st ă 1´ 1
N˚`1 .
By Lemma A,
ż t
0
8ÿ
n“1
snxn
2ω2n`1
dx ě
ż t
0
N˚ÿ
n“1
snxn
2ω2n`1
dx
— t
N˚ÿ
n“1
sntn
pn` 1qpω ´1´ 1
n`1
¯
& t
N˚ÿ
n“1
ż n`1
n
1
xpω `1´ 1
x
˘dx
“ t
ż
1´ 1
N˚`1
0
1pωprqp1´ rqdr
ě t
ż st
0
1pωprqp1´ rqdr.
If st P r0, 1
2
q
ż t
0
8ÿ
n“1
snxn
2ω2n`1
dx ě
ż t
0
sx
2ω3
dx — t pstq & t
ż st
0
1pωpxqp1 ´ xqdx,
so ż t
0
Bωs pxqdx & t` t
ż st
0
1pωpxqp1´ xqdx, 0 ď s, t ă 1.
On the other hand, to obtain the upper bound in (2.1), we will estimate both terms in the
sum
ż t
0
N˚ÿ
n“1
snxn
2ω2n`1
dx`
ż t
0
8ÿ
n“N˚`1
snxn
2ω2n`1
dx.
Lemma A yields
ż t
0
N˚ÿ
n“1
snxn
2ω2n`1
dx —
N˚ÿ
n“1
sntn`1
pn` 1qpω `1´ 1
n
˘
. t
N˚ÿ
n“1
ż n`1
n
1
xpω `1´ 1
x
˘ dx
“ t
ż
1´ 1
N˚`1
0
1pωpxqp1´ xqdx.
If 0 ď st ď 1
2
, (N˚ “ 1), then
ż t
0
N˚ÿ
n“1
snxn
2ω2n`1
dx . t
ż 1
2
0
1pωpxqp1´ xqdx . tpω `1
2
˘ . t. (2.2)
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If 1
2
ď st ă 1, by using Lemma A
t
ż
1´ 1
N˚`1
0
1pωpxqp1 ´ xqdx
ď t
ż st
0
1pωpxqp1 ´ xqdx` t
ż
1´ 1
N˚`1
1´ 1
N˚
1
p1´ xqpω pxqdx
ď t
ż st
0
1pωpxqp1 ´ xqdx` t log 2pω ´1´ 1
N˚`1
¯
. t
ż st
0
1pωpxqp1 ´ xqdx` t log 2pωp2st´ 1q
. t
ż st
0
1pωpxqp1 ´ xqdx` t
ż st
2st´1
1pωpxqp1´ xqdx . t
ż st
0
1pωpxqp1 ´ xqdx,
which together with (2.2) gives
ż t
0
N˚ÿ
n“1
snxn
2ω2n`1
dx . t` t
ż st
0
1pωpxqp1 ´ xqdx, 0 ď s, t ă 1. (2.3)
Moreover, by Lemma A(ii) there is β ą 1 such that hpxq “ pωpxq
p1´xqβ
is essentially increasing,
so if 1
2
ď st ă 1ż t
0
8ÿ
n“N˚`1
snxn
2ω2n`1
dx —
8ÿ
n“N˚`1
sntn`1
pn` 1qpω `1´ 1
n
˘
. t
p1´ stqβpωpstq
8ÿ
n“N˚`1
pstqnpn` 1qβ´1
. t
p1´ stqβpωpstq pN˚ ` 1qβ
.
tpωpstq
— t
stż
2st´1
1pωpxqp1´ xqdx ď t
stż
0
1pωpxqp1 ´ xqdx,
and if st ď 1
2 ż t
0
8ÿ
n“N˚`1
snxn
2ω2n`1
dx .
tpωpstq ď tpωp1{2q .
In consequence, ż t
0
8ÿ
n“N˚`1
snxn
2ω2n`1
dx . t` t
stż
0
1pωpxqp1´ xqdx, 0 ď s, t ă 1,
which together with (2.3) gives
1
t
ż t
0
Bωs pxqdx . 1`
ż st
0
1pωpxqp1 ´ xqdx, 0 ď s, t ă 1.
This finishes the proof. 
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Lemma 6. Let ω P pD. Then,
M1pρ,K
ω
t q — 1`
ż ρt
0
dspωpsq , 0 ď t, ρ ă 1.
Proof. Since Kωt pzq “
ř8
n“0
tnzn
2pn`1qω2n`1
, the Hardy’s inequality [9, Section 3.6] yields
M1pρ,K
ω
t q &
8ÿ
n“0
tnρn
2ω2n`1pn` 1q2
,
so arguing as in the proof of Lemma 5, we deduce
M1pρ,K
ω
t q & 1`
ż ρt
0
dspωpsq , 0 ď t, ρ ă 1.
Conversely, bearing in mind (1.3) and Lemma B
M1pρ,K
ω
t q “ }pK
ω
t qρ}H1
. }pKωt qρ}D1
0
— 1`
ż
1
0
sρM1psρ,G
ω
t qds
— 1`
ż
1
0
sρt
ˆ
1`
ż sρt
0
dx
p1´ xqpωpxq
˙
ds
. 1`
ż ρt
0
dspωpsq , 0 ď t, ρ ă 1.
This finishes the proof. 
3. Hilbert-type operators from Lebesgue to Bergman spaces
For p, q, α ą 0, let H1pp, q, αq denote the space of f P HpDq such that
‖f‖H1pp,q,αq “
ˆ
|fp0q|p `
ż
1
0
Mpq pr, f
1qp1´ rqαdr
˙ 1
p
ă 8.
We begin with obtaining a Littlewood-Paley-type inequality for the Apν norm which is
inherited from the following one [17, Corollary 3.1] through integration.
Lemma C. Let 1 ă q ă p ă 8. Then,
}f}Hp . ‖f‖
H1
´
p,q,p
´
1´ 1
q
¯¯, f P HpDq.
Lemma 7. Let 1 ă q ă p ă 8 and ν be a radial weight. Then,
‖f‖p
A
p
ν
. |fp0q|ppνp0q ` ż 1
0
Mpq pt, f
1qp1´ tq
p
´
1´ 1
q
¯pνptqdt, f P HpDq.
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Proof. Applying Lemma C to the dilated functions fspzq “ fpszq
‖f‖p
A
p
ν
“
ż
1
0
Mpp ps, fqsνpsqds “
ż
1
0
‖fs‖
p
Hpsνpsqds
. |fp0q|ppνp0q ` ż 1
0
sνpsq
ż
1
0
p1´ rq
p
´
1´ 1
q
¯
Mpq pr, pfsq
1qdr ds
“ |fp0q|ppνp0q ` ż 1
0
sp`1νpsq
ˆż
1
0
p1´ rq
p
´
1´ 1
q
¯
Mpq prs, f
1qdr
˙
ds
“ |fp0q|ppνp0q ` ż 1
0
spνpsq
¨˝ż s
0
ˆ
1´
t
s
˙p´1´ 1
q
¯
Mpq pt, f
1qdt‚˛ds
ď |fp0q|ppνp0q ` ż 1
0
νpsq
ˆż s
0
ps´ tq
p
´
1´ 1
q
¯
Mpq pt, f
1qdt
˙
ds
“ |fp0q|ppνp0q ` ż 1
0
Mpq pt, f
1q
ˆż
1
t
νpsqps´ tq
p
´
1´ 1
q
¯
ds
˙
dt
ď |fp0q|ppνp0q ` ż 1
0
Mpq pt, f
1qp1´ tq
p
´
1´ 1
q
¯pνptqdt.

Now we are ready to prove the main result if this section.
Proof of Theorem 4. Assume that (ii) holds. Then,
ż
1
0
˜
ωptqpνptq 1p
¸p1
dt ă 8, (3.1)
and therefore
ż
1
0
|fptq|
ˇˇˇˇ
1
z
ż z
0
Bωt pζqdζ
ˇˇˇˇ
ωptqdt ď
ˆż
1
0
|fptq|ppνptqdt˙ 1p ˜ż 1
0
ˇˇˇˇ
1
z
ż z
0
Bωt pζqdζ
ˇˇˇˇp1 pνptq´ p1p ωptqp1dt¸ 1p1
ď }f}Lppν,r0,1qBω|z| 12 p|z|
1
2 q
¨˝ż
1
0
˜
ωptqpνptq 1p
¸p1
dt‚˛
1
p1
ă 8,
so Hωpfqpzq is well defined for any z P D. Next, we will show that Hω is bounded from L
ppν,r0,1q
to Apν . Choose q P p1, pq, then by Lemma 7
‖Hωpfq‖
p
A
p
ν
. |Hωpfqp0q|
ppνp0q ` ż 1
0
Mpq pt,Hωpfq
1qp1´ tq
p
´
1´ 1
q
¯pνptq dt. (3.2)
Using (3.1)
|Hωpfqp0q|
ppνp0q — pνp0qˆż 1
0
|fptq|ωptqdt
˙p
ď pνp0qˆż 1
0
|fptq|ppνptqdt˙
¨˝ż
1
0
˜
ωptqpνptq 1p
¸p1
dt‚˛
p
p1
. ‖f‖p
L
ppν,r0,1q .
(3.3)
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Now, Minkowski’s inequality in continuous form yields
Mqpr,Hωpfq
1q “
ˆ
1
2pi
ż
2pi
0
ˇˇˇˇż
1
0
fptqGωpreiθ, tqωptqdt
ˇˇˇˇq
dθ
˙1
q
ď
ż
1
0
|fptq|ωptq
ˆ
1
2pi
ż
2pi
0
ˇˇˇ
Gωpreiθ, tq
ˇˇˇq
dθ
˙1
q
dt “
ż
1
0
|fptq|ωptqMqpr,G
ω
t qdt.
Moreover, using that q P p1,8q and Lemma B
M qq pr,G
ω
t q .M
q
q pr,B
ω
t q — 1`
ż rt
0
dxpωpxqqp1´ xqq — 1pωprtqq 1p1´ rtqq´1 , 0 ď t ă 1,
So, joining both inequalitiesż
1
0
Mpq pr,Hωpfq
1qp1 ´ rq
p
´
1´ 1
q
¯pνprqdr . ż 1
0
«ż
1
0
|fptq|
p1´ rtq1´
1
q
ωptqpωprtqdt
ffp
p1´ rq
p
´
1´ 1
q
¯pνprqdr
—I ` II,
where
I “
ż
1
0
«ż r
0
|fptq|
p1´ rtq
1´ 1
q
ωptqpωprtqdt
ffp
p1´ rq
p
´
1´ 1
q
¯pνprqdr
and
II “
ż
1
0
«ż
1
r
|fptq|
p1´ rtq1´
1
q
ωptqpωprtqdt
ffp
p1´ rq
p
´
1´ 1
q
¯pνprqdr.
If t ą r,
1
p1´ rtq
1´ 1
q
1pωprtq — 1p1´ rq1´ 1q 1pωprq , by Lemma A. Therefore, we need to prove
the weighted Hardy’s inequality
II —
ż
1
0
„ż
1
r
|fptq|ωptqdt
p pνprqpωprqp dr .
ż
1
0
|fptq|ppνptq dt, (3.4)
which holds if and only if (see [18, Theorem 2] or [14, Theorem 3.2])
sup
0ără1
ˆż r
0
pνptqpωptqp dt
˙ 1
p
¨˝ż
1
r
˜
ωptqpνptq 1p
¸p1
dt‚˛
1
p1
ă 8.
That is, (3.4) follows from (ii).
Now, we will deal with I. If t ă r, by using Lemma A,
1
p1´ rtq1´
1
q
1pωprtq — 1p1´ tq1´ 1q 1pωptq .
So, we want to show the weighted Hardy’s inequality
I —
ż
1
0
«ż r
0
|fptq|
p1´ tq
1´ 1
q
ωptqpωptqdt
ffp
p1´ rq
p
´
1´ 1
q
¯pνprqdr . ż 1
0
|fptq|ppνptqdt,
which holds if and only if (see [18, Theorem 1] or [14, Theorem 3.2])
sup
0ără1
ˆż
1
r
Upptqdt
˙ 1
p
ˆż r
0
V ´p
1
ptqdt
˙ 1
p1
ă 8,
where
Upptq “
# pνptqp1 ´ tqp´1´ 1q ¯ if 0 ă t ă 1
0 otherwise
, V pptq “
# pνptqp1´ tqp´1´ 1q¯ pωptqp
ωptqp if 0 ă t ă 1
0 otherwise
.
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Sinceˆż
1
r
Upptqdt
˙ 1
p
ˆż r
0
V ´p
1
ptqdt
˙ 1
p1
“
ˆż
1
r
p1´ tq
p
´
1´ 1
q
¯pνptqdt˙ 1p ˜ż r
0
p1´ tq
´p1
´
1´ 1
q
¯
ωptqp
1`pνptq1{ppωptq˘p1 dt
¸ 1
p1
ď p1´ rq
1´ 1
q
ˆż
1
r
pνptqdt˙ 1p p1´ rq´p1´ 1q q˜ż r
0
ωptqp
1`pνptq1{ppωptq˘p1 dt
¸ 1
p1
“
ˆż
1
r
pνptqdt˙ 1p ˜ż r
0
ωptqp
1`pνptq1{ppωptq˘p1 dt
¸ 1
p1
ď p1´ rq
1
p pνprq 1p ˜ż r
0
ωptqp
1`pνptq1{ppωptq˘p1 dt
¸ 1
p1
.
So, bearing in mind (3.2), (3.3) and (3.4), Hω : L
ppν,r0,1q Ñ Apν is bounded if (1.7) and the
condition
sup
0ără1
p1´ rq
1
p pνprq 1p
¨˝ż r
0
˜
ωptqpνptq 1p
¸p1
1pωptqp1 dt‚˛
1
p1
ă 8, (3.5)
hold. Let us prove that (3.5) follows from (1.7), this will finish the proof of (ii)ñ(i).
If 1{2 ď r ă 1, by Lemma A,ż r
0
pνptqpωptqp dt ě
ż r
2r´1
pνptqpωptqp dt ě pνprqp1´ rqpωp2r ´ 1qp — pνprqp1´ rqpωprqp ,
and if 0 ă r ă 1
2
, 1 & pνp0qpωp1{2qp & sup0ărď1{2 pνprqp1´rqpωprqp , hence by (1.7)
sup
0ără1
pνprq 1p p1´ rq 1ppωprq
¨˝ż
1
r
˜
ωptqpνptq 1p
¸p1
dt‚˛
1
p1
ă 8,
that is ż
1
r
˜
ωptqpνptq 1p
¸p1
dt .
˜ pωprqpνprq 1p p1´ rq 1p
¸p1
, 0 ď r ă 1. (3.6)
An integration by parts and (3.6) giveż r
0
˜
ωptqpνptq 1p
¸p1
1pωptqp1 dt
“
»–´pωptq´p1 ż 1
t
˜
ωpsqpνpsq 1p
¸p1
ds
fiflr
0
` p1
ż r
0
¨˝ż
1
t
˜
ωpsqpνpsq 1p
¸p1
ds‚˛pωptq´p1´1ωptqdt,
.
1pωp0qp1
ż
1
0
˜
ωpsqpνpsq 1p
¸p1
ds` p1
ż r
0
ωptqpωptq dtpp1´ tqpνptqqp1{p
ď
1pωp0qp1
ż
1
0
˜
ωpsqpνpsq 1p
¸p1
ds` p1
1pνprqp1{p
ż r
0
ωptqpωptq dtp1´ tqp1{p
.
1
pνprqp1{pp1´ rq p1p , 0 ď r ă 1,
where the last inequality follows from (1.7) and [24, Lemma 2.3] with ηptq “ p1´ tq
p1
p
´1
.
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Thus, ¨˝ż r
0
˜
ωptqpνptq 1p
¸p1
1pωptqp1 dt‚˛
1
p1
.
1
p1´ rq
1
p pνprq 1p , 0 ď r ă 1,
and (3.5) is satisfied.
Conversely, assume that Hω : L
ppν,r0,1q Ñ Apν is bounded. We begin with proving that (3.1)
holds. By (1.8) and Lemma 5,
‖Hω‖
p‖ϕ‖p
L
ppν,r0,1q ě ‖Hωpϕq‖
p
A
p
ν
& ‖Hωpϕq‖
p
L
ppν,r0,1q
“
ż
1
0
„ż
1
0
ϕpsqωpsq
ˆ
1
t
ż t
0
Bωs pxqdx
˙
ds
p pνptqdt
&
ˆż
1
0
ϕpsqωpsqds
˙p
,
for each non-negative ϕ P Lppν,r0,1q. So,ż
1
0
|ϕpsq|ωpsqds .
ˆż
1
0
|ϕptq|ppνptqdt˙ 1p , ϕ P Lppν,r0,1q. (3.7)
Now, for each n P N define ϕnptq “ min
#
n,
´
ωptqpνptq
¯ p1
p
+
. A direct calculation shows that
ϕ
p
npν ď ϕnω, which together with (3.7) applied to ϕn and the monotone convergence theorem,
gives that (3.1) holds. In order to show (1.7), consider the family of test functions tϕru0ără1
defined as
ϕrptq “
ˆ
ωptqpνptq
˙p1p
χrr,1qptq.
By (1.8)
‖Hωpϕrq‖Lppν,r0,1q ď
pi
2
‖Hωpϕrq‖Apν ď
pi
2
‖Hω‖‖ϕr‖Lppν,r0,1q .
¨˝ż
1
r
˜
ωptqpνptq 1p
¸p1
dt‚˛
1
p
, (3.8)
and using Lemma 5,
‖Hωpϕrq‖
p
L
ppν,r0,1q ě
ż r
0
»–ż 1
r
˜
ωpsqpνpsq 1p
¸p1 ˆ
1
t
ż t
0
Bωs pxqdx
˙
ds
fiflp pνptqdt
—
ż r
0
»–ż 1
r
˜
ωpsqpνpsq 1p
¸p1 ˆ
1`
ż st
0
1pωpxqp1´ xqdx
˙
ds
fiflp pνptq dt.
If s ą r ą t, Lemma A yields
1`
ż st
0
1pωpxqp1 ´ xqdx ě 1`
ż st
2st´1
1pωpxqp1´ xqdx & 1pωpstq & 1pωptq , 12 ď st ă 1,
and
1`
ż st
0
1pωpxqp1 ´ xqdx & 1pωptq , 0 ď st ď 12 .
HILBERT-TYPE OPERATOR INDUCED BY RADIAL WEIGHT 13
Then,
‖Hωpϕrq‖
p
L
ppν,r0,1q &
¨˝ż
1
r
˜
ωpsqpνpsq 1p
¸p1
ds‚˛pˆż r
0
pνptqpωptqp dt
˙
,
which together with (3.8) and (3.1) yields (1.7). This finishes the proof.
l
4. Hilbert-type operators on Hardy spaces
In this section we will prove Theorems 1, 2 and 3.
Proof of Theorem 1. We borrow the argument from the proof of [25, Theorem 1]. Assume
that ω P pD. Then,
|Hωpfqp0q| —
ˇˇˇˇż
1
0
fptqωptqdt
ˇˇˇˇ
ď
ˆż
1
0
ωptqdt
˙
‖f‖H8 . ‖f‖H8 .
Moreover, Hωpfq
1pzq “
ż
1
0
fptqGωpz, tqωptqdt, with
Gωpz, tq “
8ÿ
n“1
tnzn´1
2ω2n`1
n
n` 1
.
So, by Lemma A(iv)
sup
zPD
p1´ |z|q|Hωpfq
1pzq| ď ‖f‖H8 sup
zPD
p1´ |z|q
ż
1
0
˜
8ÿ
n“1
tn|z|n´1
2ω2n`1
n
n` 1
¸
ωptqdt
ď ‖f‖H8 sup
zPD
p1´ |z|q
8ÿ
n“1
|z|n´1ωn
2ω2n`1
.
. ‖f‖H8 sup
zPD
p1´ |z|q
8ÿ
n“1
|z|n´1 . ‖f‖H8 ,
consequently Hω : H
8 Ñ B is bounded. On the other hand, if Hω : H
8 Ñ B is bounded, for
each N P N
8 ą ‖Hωp1q‖B ě sup
zPD
p1´ |z|q
ˇˇˇˇż
1
0
Gωpz, tqωptq dt
ˇˇˇˇ
ě sup
xPp0,1q
p1´ xq
ż
1
0
Gωpx, tqωptqdt
& sup
xPp0,1q
p1´ xq
N`1ÿ
n“1
xn´1
ωn
ω2n`1
&
1
N
N`1ÿ
n“Ep3N
4
q
ωn
ω2n`1
&
ωN`1
ω
2Ep3N
4
q`1
,
that is ωN`1 . ω2Ep 3N
4
q`1, N P N. By iterating this inequality, we get ωN`1 . ω2pN`1q for
any N ě 24, and so ω P pD by Lemma A. l
Proof of Theorem 2. The equivalence between (ii) and (iii) follows from [9, Theorem 9.3].
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By using Lemma 6 and the fact that µωpzq “ ωpzq
´
1`
ş|z|
0
dspωpsq
¯
χr0,1qpzq dApzq is a 1-
Carleson measure for H1
}Hωpfq}H1 ď sup
0ďră1
ż
1
0
|fptq|ωptqM1pr,K
ω
t q dt
. sup
0ďră1
ż
1
0
|fptq|ωptq
ˆ
1`
ż rt
0
dspωpsq
˙
dt
ď
ż
1
0
|fptq|ωptq
ˆ
1`
ż t
0
dspωpsq
˙
dt
. }f}H1,
so (i) holds.
Conversely, assume that Hω : H
1 Ñ H1 is bounded, then for any a P r0, 1q, consider
the testing functions fapzq “
1´a2
p1´azq2
, with ‖fa‖H1 “ 1. Then, by Fe´jer-Riesz inequality [9,
Theorem 3.13] and Lemma 5,
8 ą C ě ‖Hωpfaq‖H1 & ‖Hωpfaq‖L1
r0,1q
—
ż
1
0
ˆż
1
0
1´ a2
p1´ asq2
ˆ
1
t
ż t
0
Bωs pxqdx
˙
ωpsqds
˙
dt
—
ż
1
0
ˆż
1
0
1´ a2
p1´ asq2
ˆ
1`
ż st
0
1pωpxqp1´ xqdx
˙
ωpsqds
˙
dt
ě
ż
1
0
ˆż
1
a
1´ a2
p1´ asq2
ωpsqds
˙
dt &
1
1´ a
ż
1
a
ωpsqds,
(4.1)
and
8 ą C ě ‖Hωpfaq‖H1 &
ż
1
0
ˆż
1
0
1´ a2
p1´ asq2
ˆ
1`
ż st
0
1pωpxqp1 ´ xqdx
˙
ωpsqds
˙
dt
“
ż
1
0
1´ a2
p1´ asq2
ωpsq
ˆż
1
0
ˆ
1`
ż st
0
1pωpxqp1 ´ xqdx
˙
dt
˙
ds
&
1
1´ a
ż
1
a
ωpsq
ˆż s
0
ˆ
1`
ż st
0
1pωpxqp1 ´ xqdx
˙
dt
˙
ds.
Since t ă s and ω P pD, 1` ż st
0
1pωpxqp1 ´ xqdx & 1pωptq , so
8 ą C ě ‖Hωpfaq‖H1 &
1
1´ a
ż
1
a
ωpsq
ˆż s
0
dtpωptq
˙
ds. (4.2)
Therefore joining (4.1) y (4.2),
sup
aPr0,1q
1
1´ a
ż
1
a
wptq
ˆ
1`
ż t
0
dspωpsq
˙
dt ă 8.
This finishes the proof. l
Next, we turn to study the action of the Hilbert-type type operator Hω on Hardy spaces
Hp, 1 ă p ă 8. With this aim, we need to introduce some extra notation and proving some
preliminary results.
If gpzq “
8ř
k“0
pgpkqzk P HpDq and n1, n2 P N Y t0u, n1 ă n2, write Sn1,n2gpzq “ n2´1ř
k“n1
pgpkqzk
and ∆ng “
ř
kPIpnq
pgpkqzk, where Ipnq “ tk P N : 2n ď k ă 2n`1u, n P N Y t0u. In particular,
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∆n “ ∆np 1
1´z q “
ř
kPIpnq
zk has the following property [5, Lemma 2.7]
}∆n}Hp — 2
np1´1{pq, n P NY t0u, 1 ă p ă 8. (4.3)
The next result can be found in [15, Lemma 3.4].
Lemma D. Let 1 ă p ă 8 and λ “ tλku
8
k“0 be a positive and monotone sequence. Let
gpzq “
8ř
k“0
bkz
k and pλgqpzq “
8ř
k“0
λkbkz
k.
(a) If tλku
8
k“0 is nondecreasing, there exists a constant C ą 0 such that
C´1λn1‖Sn1,n2g‖Hp ď ‖Sn1,n2pλgq‖Hp ď Cλn2‖Sn1,n2g‖Hp .
(b) If tλku
8
k“0 is nonincreasing, there exists a constant C ą 0 such that
C´1λn2‖Sn1,n2g‖Hp ď ‖Sn1,n2pλgq‖Hp ď Cλn1‖Sn1,n2g‖Hp .
Let us recall that
ĂHωpfqpzq “ ż 1
0
|fptq|
ˆ
1
z
ż z
0
Bωt pζqdζ
˙
ωptq dt.
Lemma 8. Let ω P pD and 1 ă p ă 8. Then,
‖ĂHωpfq‖Hp — ‖ĂHωpfq‖Dpp´1 — ‖ĂHωpfq‖HLppq, f P L1ω,r0,1q.
Proof. By [17, Theorem 2.1]
‖ĂHωpfq‖pDpp´1 —
ˆż
1
0
|fptq|ωptqdt
˙p
`
8ÿ
n“0
2´np‖∆npHωpfqq
1‖pHp .
Observe that
pĂHωpfqq1pzq “ 8ÿ
n“1
n
2pn` 1qω2n`1
ˆż
1
0
|fptq|tnωptqdt
˙
zn´1
“
8ÿ
n“0
n` 1
2pn` 2qω2n`3
ˆż
1
0
|fptq|tn`1ωptqdt
˙
zn.
Then, by using Lemma D and (4.3)
‖∆npĂHωpfqq1‖Hp & 2n ` 1
2n`1 ` 2
‖∆n‖Hp
ω2n`1`3
ˆż
1
0
|fptq|t2
n`1`1ωptqdt
˙
—
2np1´1{pq
ω2n`1`3
ˆż
1
0
|fptq|t2
n`1`1ωptqdt
˙
,
and
‖∆npĂHωpfqq1‖Hp . 2n`1 ` 1
2n ` 2
‖∆n‖Hp
ω2n`2`3
ˆż
1
0
|fptq|t2
n`1ωptqdt
˙
—
2np1´1{pq
ω2n`2`3
ˆż
1
0
|fptq|t2
n`1ωptqdt
˙
.
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By Lemma A, ω2n`1`3 — ω2n`2`3 — ω2n`1 , so
‖ĂHωpfq‖pDpp´1 &
ˆż
1
0
|fptq|ωptqdt
˙p
`
8ÿ
n“0
2´n
1
pω2n`1q
p
ˆż
1
0
|fptq|t2
n`1`1ωptqdt
˙p
&
ˆż
1
0
|fptq|ωptqdt
˙p
`
8ÿ
n“0
2´2n
1
pω2n`1q
p
2n`2ÿ
k“2n`1`1
ˆż
1
0
|fptq|tkωptqdt
˙p
&
8ÿ
k“0
1
pω2k`1qppk ` 1q2
ˆż
1
0
|fptq|tkωptqdt
˙p
— ‖ĂHωpfq‖pHLppq
and
‖ĂHωpfq‖pDpp´1 .
ˆż
1
0
|fptq|ωptqdt
˙p
`
8ÿ
n“0
2´n
1
pω2n`1q
p
ˆż
1
0
|fptq|t2
n
ωptqdt
˙p
.
8ÿ
k“0
1
pω2k`1qppk ` 1q2
ˆż
1
0
|fptq|tkωptqdt
˙p
— ‖ĂHωpfq‖pHLppq.
Bearing in mind (1.3) and (1.4), this finishes the proof. 
The following result shows that (1.5) can be extended (with an imprecise constant) to
H1
´
p, q, p
´
1´ 1
q
¯¯
spaces.
Lemma 9. Let p P p0,8q and 1 ă q ă 8. Then,ż
1
0
Mp8ps, fqds ď C}f}
p
H1
´
p,q,p
´
1´ 1
q
¯¯, f P HpDq.
Proof. We split the proof according to the values of p and q. If p ă q ă 8 by applying [13,
Lemma 3.4] and [20, Theorem 1.1] with ωprq “ p1´ rq´
p
q ,ż
1
0
Mp8ps, fq ds .
ż
1
0
Mpq
ˆ
1` s
2
, f
˙
p1´ sq
´ p
q ds
.
ż
1
0
Mpq pr, fqp1 ´ rq
´ p
q dr
.
ˆ
|fp0q|p `
ż
1
0
Mpq pr, f
1qp1´ rq
p
´
1´ 1
q
¯
dr
˙
, f P HpDq.
Moreover, if 1 ă q ă p ă 8, (1.5) and Lemma C yield,ż
1
0
Mp8ps, fq ds . ‖f‖
p
Hp .
ˆ
|fp0q|p `
ż
1
0
Mpq pr, f
1qp1 ´ rq
p
´
1´ 1
q
¯
dr
˙
, f P HpDq.
Finally, if p “ q, by applying [12, Lemma 4] with α “ p´ 1,ż
1
0
Mp8ps, fqds . ‖f‖
p
D
p
p´1
, f P HpDq.
This finishes the proof. 
Now, we are ready to prove our next result, which includes Theorem 3, and ensures that
Hp may be replaced by HLppq and by any H1
´
p, q, p
´
1´ 1
q
¯¯
(in particular by Dpp´1) in the
stament of Theorem 3.
Theorem 10. Let 1 ă p ă 8 and ω P pD. The following statements are equivalent:
(i) Hω : L
p
r0,1q Ñ H
p is bounded;
(ii) Hω : L
p
r0,1q Ñ H
1
´
p, q, p
´
1´ 1
q
¯¯
is bounded for any 1 ă q ă 8;
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(iii) Hω : L
p
r0,1q Ñ H
1
´
p, q, p
´
1´ 1
q
¯¯
is bounded for some 1 ă q ă 8;
(iv) Hω : L
p
r0,1q Ñ HLppq is bounded;
(v) ω satisfies the condition
sup
0ără1
ˆ
1`
ż r
0
1pωptqp dt
˙ 1
p
ˆż
1
r
ωptqp
1
dt
˙ 1
p1
ă 8. (4.4)
Proof of Theorem 10. Firstly, we will prove (i)ñ(v)ñ(ii)ñ(i). Assume that (i) holds, then by
Fejer-Riesz inequality [9, Theorem 3.13],
}Hωpfq}Lp
r0,1q
. }Hωpfq}Hp . }f}Lp
r0,1q
, (4.5)
so applying the testing functions ϕrptq “ ωptq
p1
p χrr,1qptq to (4.5) and arguing as in the proof
of Theorem 4 (part (i)ñ(ii)), (v) follows.
Let us observe that in the proof of Theorem 4 (part (ii)ñ(i)), we have also proved that
(1.7) implies
|Hωpfqp0q|
ppνp0q ` ż 1
0
Mpq pt,Hωpfq
1qp1´ tq
p
´
1´ 1
q
¯pνptq dt . }f}Lppν .
So replacing pν by 1 in the above inequality and mimicking that proof, one can show that (4.4)
and the condition ż r
0
ˆ
ωptqpωptq
˙p1
dt .
1
p1´ rq
p1
p
, 0 ă r ă 1, (4.6)
imply that (ii) holds. Now observe that (4.4) impliesż
1
r
ωptqp
1
dt .
pωprqp1
p1´ rq
p1
p
, 0 ă r ă 1. (4.7)
An integration by parts, (4.7) and [24, Lemma 2.3] with ηptq “ p1 ´ tq
p
p1
´1
, gives that (4.6)
holds. So, (v)ñ(ii). Next, (i) follows from (ii) together with Lemma C.
Obviously (ii)ñ(iii), and (iii) together with Lemma 9 yields
}Hωpfq}Lp
r0,1q
. }f}Lp
r0,1q
,
which implies (v). Therefore, (ii)ô(iii).
It is clear that (iv) holds if and only if ĂHω : Lpr0,1q Ñ HLppq is bounded. So, (i)ñ(iv)
follows from Lemma 8. Conversely if (iv) holds, ĂHω : Lpr0,1q Ñ Hp is bounded by Lemma 8,
which together with Fejer-Riesz inequality [9, Theorem 3.13] gives
}ĂHωpfq}Lp
r0,1q
. }ĂHωpfq}Hp . }f}Lp
r0,1q
.
This inequality implies (v). This finishes the proof. l
5. Further comments
In this section we show that for any radial doubling weight ω, the Hilbert-type operator
Hω, the Bergman projection Pω and its maximal version
P`ω pfqpzq “
ż
D
fpζq
ˇˇˇ
Bωz pζq
ˇˇˇ
ωpζqdApζq,
are simultaneously bounded when they act on different spaces of functions. To be precise,
we write ω P qD if there exist constants K “ Kpωq ą 1 and C “ Cpωq ą 1 such thatpωprq ě Cpω `1´ 1´r
K
˘
for all 0 ď r ă 1, and set D “ pD X qD. The weights in the class D
are usually called radial doubling weights. A radial weight ω belongs to the class M if there
exist constants C “ Cpωq ą 1 and K “ Kpωq ą 1 such that ωx ě CωKx for all x ě 1. It
has recently proved that qD is a proper subset of M [25, Proposition 14] but D “ pD XM
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[25, Theorem 3]. In addition, we observe that ωx “ xpωx´1, x ą 0, so ω P pD ô pω P pD by
Lemma A(iv). Bearing in mind this information and the fact that any radial non-increasing
weight belongs to qD, the next result follows putting together Theorem 4 and [25, Theorem 13].
Theorem 11. Let 1 ă p ă 8, ω P pD and ν a radial weight. Then, the following statements
are equivalent:
(i) Pω : L
ppν Ñ Appν is bounded;
(ii) P`ω : L
ppν Ñ Lppν is bounded;
(iii) ω P D, ν P pD and Hω : Lppν,r0,1q Ñ Apν is bounded;
(iv) ω P D and ν P pD and
Appω, pνq “ sup
0ďră1
pνprq 1p ˜ş1
r
ˆ
ωpsqpνpsq 1p
˙p1
ds
¸ 1
p1
pωprq ă 8;
(v) ω P D and ν P pD and
sup
0ără1
ˆ
1`
ż r
0
pνptqpωptqp dt
˙ 1
p
¨˝ż
1
r
˜
ωptqpνptq 1p
¸p1
dt‚˛
1
p1
ă 8.
Let us observe that, in particular, Pω : L
ppν Ñ Appν and Hω : Lppν,r0,1q Ñ Apν are simultaneously
bounded whenever ω P D, ν P pD and 1 ă p ă 8.
Finally, joining Theorem 3 and [25, Theorem 13] it can be obtained an analogous result to
Theorem 11 related to the boundedness of the operator Hω : L
p
r0,1q Ñ H
p, which ensures that
for any ω P D and 1 ă p ă 8, Pω : L
p Ñ Ap is bounded if and only if Hω : L
p
r0,1q Ñ H
p is
bounded.
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